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Abstract 

Motivated by recent study of the convergence of Calabi flow near 
a constant scalar curvature Kahler metric, we prove a similar theorem 
on the stability of the Kahler-Ricci flow near a Kahler-Einstein metric 
of positive scalar curvature. 



1 Introduction 

This is a continuation of section 5 in [CS]. We shall prove the following 

Theorem 1.1. Let (M,uj, J, g) be a Kahler-Einstein manifold of Einstein 
constant 1, i.e. Ric(g) = g. Then there is a C fc ' 7 (k 3> 1) tensor neighbor- 
hood Af of (w, J, g), such that the following holds. For any Kahler structure 
(oj',J',g') which lies in J\f and satisfies u)' £ 2ttci(M; J'), we denote by 
(oj(t), J(t), g(t)) the (normalized) Kahler-Ricci flow starting from g' 

Ml = -Ric(g(t))+g(t), t>0 
J(t) = J' t>0 (1) 

5(0) = g'. 

Then there is an isotopy of diffeomorphisms ft such that / t *(o;(i), J(t),g(t)) 
converges in C ka to a Kahler-Einstein metric (cJqo, Joo,5oo) in a polynomial 
rate, i.e. there are constants C > 0, a > 0, such that 

Wft9(t) ~ </oo||f7M + I l/MO " JoollcM < C ■ (t + l)~ a , (2) 

where the C fc ' 7 topology is taken with respect to the initial Kahler-Einstein 
metric (u),J,g). Moreover, if J is adjacent to J' in the sense that there 
is a sequence of diffeomorphisms 4>i such that 4>*J' — > J (see ]C8$ ). then 
the limit (cJqo, Joo, 5oo) is isomorphic to (oj,J,g) under the action of the 
diffeomorphism group. 

Remark 1.2. We should mention that two other approaches on the stability 
of Ricci flow on Fano manifolds have been previously announced by Arezzo- 
La Nave(see |AL| ) and by Tian-Zhu(see [TZ3J). Our method here is different, 
and theorem 1.1 follows from a stability lemma for general modified Ricci 
flow TO. 
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R. Hamilton( |Ha| ) introduced the Ricci flow as a way to produce Ein- 
stein metrics. He proved the short time existence using his own generaliza- 
tion of the Nash-Moser inverse function theorem. Later De Turck reproved 
the short time existence by a gauge fixing trick. The long time existence for 
general Ricci flow fails. H-D. Cao([Cao]) first studied the Ricci flow on a 
Kahler manifold, called the Kahler-Ricci flow. The Kahler condition is pre- 
served under the flow, and the equation can be reduced to a scalar equation 
on the Kahler potential. Using Yau's estimates for complex Monge- Ampere 
equations, Cao proved the long time existence of the flow in any Kahler class 
proportional to the canonical class, and proved convergence in the case of 
non-positive first Chern class. In the case of positive first Chern class, the 
Kahler-Ricci flow in the anti-canonical class 2irci(M) takes the normalized 
form as in (pQ) with the complex structure fixed. In this case the flow does 
not necessarily converge to a Kahler-Einstein metric, due to the obstructions 
to the existence of Kahler-Einstein metrics on Fano manifolds. In an unpub- 
lished paper, Perelman proved that the scalar curvature and diameter are 
always uniformly bounded along the Kahler-Ricci flow, and he announced 
that if there exists a Kahler-Einstein metric, then the flow starting from any 
Kahler metric in the anti-canonical class of the same complex structure con- 
verges to a Kahler-Einstein metric(Note this was previously proved by Chen- 
Tian( [CT] ) when the initial metric is assumed to have positive bisectional 
curvature). In |TZlj . using Perelman's estimates, an alternative proof of this 
convergence was given. The case we consider is a stability type theorem: 
the Kahler-Ricci flow initiating from a Kahler metric near a Kahler-Einstein 
metric(possibly with a different complex structure) always converges (modulo 
diffeomorphisms) polynomially fast to a Kahler-Einstein metric. Using the 
gradient interpretation of Ricci flow by Perelman([Pe]), Tian-Zhu([TZ2]) 
previously proved such a stability theorem when the Kahler-Einstein metric 
is assumed to be isolated. Our theorem is based on a more close investigation 
of this gradient nature, and is motivated by the case of Calabi flow studied in 
[CSj . We believe similar idea may be helpful in the study of other geometric 
flows. Note the gauging diffeomorphisms must diverge, if there is no Kahler- 
Einstein metric compatible with the complex structure J' . There are also 
various studies on the stability of the Ricci flow near a Ricci flat metric, for 
instance Sesum( [Selj ) proved exponential convergence of the Ricci flow near 
a Ricci flat metric which is linearly stable and integrable. For more details 
on this topic, readers are referred to [Selj and the references therein. In our 
case, the convergence is exponential precisely when the complex structure 
J' itself admits a Kahler-Einstein metric. In general, there are obstructions 
to deform Kahler-Einstein metrics, so the exponential convergence fails. 

The idea of the proof is as follows. Perelman discovered that the Ricci 
flow is essentially a gradient flow. Let 1Z{M) be the space of all Riemannian 
metrics on M. There is an appropriate Riemannian metric defined on 1Z(M), 
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which is invariant under the action of the diffeomorphism group Diff(M). 
The Ricci flow direction differs from the gradient of the so-called fx func- 
tional only by an infinitesimal action of Diff(M). Both the Ricci flow and 
the fx functional are Diff (M)-invariant, and thus live on 7£(M)/Diff (M). 
Then on this quotient, the Ricci flow in the normalized form as in ([I]) is 
exactly the gradient flow of the fx functional. If [go] is a local maximum of 
fx on 1Z{M)/ Diff (M) , then we ask whether the Ricci flow initiating from a 
nearby point would always stay close to [go] and converge to a maximum 
point of fx at infinity. If we were in finite dimension, then by Lojasiewicz's 
fundamental structure theorem for real analytic functions, the flow would 
converge polynomially fast to a unique limit at infinity provided the func- 
tional is real-analytic. The limit is also a local maximum, but possibly be 
different from the one we start with if there is a non-trivial moduli. Note in 
the case when the maximum is non-degenerate in the sense of Morse-Bott, 
then indeed we have exponential convergence. But if the maximum is de- 
generate, then we can not expect exponential convergence, and the rate of 
convergence depends on how bad the degeneracy is. For more details about 
the finite dimensional setting, the readers are referred to |CS| . Our problem 
has an infinite dimensional nature, but as in [Si], the real difficulty is still 
finite dimensional. Heuristically, one can decompose the tangent space at 
[<7o] into the direct sum of two parts. One part is infinite dimensional but 
on which the Hessian of fx is non-degenerate, and the other part is finite 
dimensional on which we can apply Lojasiewicz's inequality. We need to 
check the functional fx is real-analytic near a Kahler-Einstein metric. The 
last problem is that our Kahler-Einstein metric may not be a local maxi- 
mum of fx among all variations, but is so among all Kahler metrics in the 
same real cohomology class. This is enough for our purpose, thanks to the 
fact that such a subset is preserved under the Ricci flow. 

This note is organized as follows. In section 2, we set up some notations 
and definitions. In section 3, we prove a Lojasiewicz type inequality for 
the fx functionalQemma 13 . X [> . and prove a general stability theorem for the 
modified Ricci flowflemma I3.2p . In section 4, we prove theorem 11.11 using 
results in section 3. 

Acknowledgements: Both authors would like to thank Professor Xi- 
uxiong Chen for constant support. We also thank Prof. C. Arezzo and Prof. 
X-H. Zhu for sending us their results(see [ALj . [TZ3| ). The first author 
would also like to thank the department of Mathematics in Stony Brook 
for its hospitality during the year 2009-2010. The first author is partially 
supported by an Research Assistantship in an NSF grant. 
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2 Preliminaries 



Suppose M is an n-dimensional smooth compact manifold. Denote by 1Z(M) 
the space of all Riemannian metrics on M. This is an open convex subset of 
the linear space of all smooth sections of symmetric 2-tensors on M. Later 
we will assign either the C fc ' 7 topology or L? topology on 1Z{M). Right 
now we simply take the C°° topology. For any smooth measure dm on 
M, we denote by Cq°(M; dm; R)(Cq' 7 (M; dm; R)) the space of C°°(C*'T) 
real-valued functions / on M satisfying 

e~-'dm = 1. 

M 

Given a Riemannian metric g, We define Perelman's functional 

>%(/)= / ^(|V/| 2 + J R( 5 )) + /]e^dVol 9 , (3) 

for any / € Cq°(M; dm; R). We will denote this functional either by W g (/) 
or W(g, /), where in the latter case we emphasize W as a function depend- 
ing on both the metric g and the function /. Then by a straightforward 
calculation the first variation of W is given by 

Lemma 2.1. 

SW(h,v) = Jj-^<mc(g)+Ressf-(Af-^\X7f\ 2 + f + ^R(g))g,h 
-(A/ - i|V/| 2 + / + l -R{g) - l)v\e-t dVol, . 
For a given Riemannian metric g, we define Perelman's fi functional to 

be 

H(g) = inf W g (f) (5) 

By a minimizing procedure (see |Ra| ) the infimum is always achievable by 
a function / which possesses the same regularity as the metric g. From 
equation we see that / satisfies the non-linear equation 

Af-\\Vf\ 2 + f + \R(g)=^(g). (6) 

We call a metric g G 7Z(M) regular if there is a neighborhood U of g, 
such that for any g' € V(, the minimizer of W s ' is unique and depends real- 
analytically on g' . The following lemma will be proved in the next section. 



Lemma 2.2. A normalized shrinking gradient Ricci soliton(i.e. Ric(g) + 
Hess / = g) is regular. 



Now we assume g is regular, then it is easy to see from the first 
variation of fi is given by 

W = -:/ < Ric(g) +Hess/ - g,h > g e~ f dVo\ g , (7) 
z Jm 

where / is the minimizer of W g . If we endow 1Z(M) with the Riemannian 
metric 

(h 1 ,h 2 ) g :=- < hi, ha > g e~ / dVol 9 , (8) 
1 Jm 

then we see that 

Vfi{g) = -(Ric(g)+Ressf-g) (9) 

So the critical points of /i are exactly normalized shrinking gradient Ricci 
solitons. The gradient flow of /U functional is 

W& = -Ric(g(t))+g(t)-Ress t f(t), t>0 (1Q) 
5(0) =g. 

We shall call this flow the "modified" Ricci flow. We have 

Lemma 2.3. Up to an isotopy of diffeomorphisms, the gradient flow (lD\) 
is equivalent to the normalized Ricci flow 

= -Ric(g(t)) + g(t), t>0 n , 
5(0) =5, 1 ) 

if we assume g(t) is regular for all time as long as the flow exists. 

Proof. This is because under our hypothesis the function f(t) depends smoothly 
on t, and then we can translate between the two flows by the isotopy of dif- 
feomorphisms generated by Vtf(t). □ 

3 A stability lemma for the Ricci flow 

We shall prove in the end of this section the following Lojasiewicz type 
inequality. 

Lemma 3.1. Let go be a normalized shrinking gradient Ricci soliton. Then 
there is a C ka (k S> 1) neighborhood U of go in 1Z(M), and constant C > 0, 
and a G [|, 1), such that for any g 6W, we have 

||V/i(5)||>C-|M(5o)-M(5)| a , (12) 
For convenience, we denote 

V^ 1 = {gen(M)\\\g-g \\ c ^ <6}. 
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Lemma 3.2. Suppose go is a normalized shrinking gradient Ricci soliton. 
The; 
flow 



Then there exist 62 > Si > 0, such that for any g G V^' 7 , the modified Ricci 



(13) 



= -Ric{g{t)) + g(t) - Resst fit), t > 
s(0) =g, t = 

starting from any g satisfies g(t) G V^' 7 as long as fi(g(t)) < n(go). In 
particular, if we know a priori that fj,(g(t)) < n{go) for all t, then the flow 
g{t) exists globally for all time t, and converges in C fc ' 7 to a limit g^ which is 
also a shrinking gradient Ricci soliton with [i(goo) = (J>(go)- The convergence 
is in a polynomial rate. 



Proof. The proof is by Lojasiewicz arguements(see [CS] ). For convenience, 
we include the details here. Choose k large and S > small such that all 
metrics in V^' 7 are regular with (|12p true, and the short time existence is 
uniform up to time 1 for the flow starting from metrics in V^' 7 . It suffices 
to prove that there exists < Si < Si < S such that for any modified Ricci 
flow solution g(t) with g(0) G V^' 7 , if g(t) G V^' 7 and fi(g(t)) < /j{g ) = 

for t G [0,T)(T > 1), then g{T) G V^see figured]). By the fundamental 
curvature estimates of Hamilton, for any integer I > 1, and t > 1, we have 

\\Rm(g(t))\\ c i„ <C(l), 

where the norm is with respect to the metric git). Since all metrics in V^' 7 
are regular, this gives 

||/(t)|| c ^ <C(0- (14) 
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Fix (3 £ (2 — ^,1), then by interpolation inequalities for tensors, for any 
integer p > 1 there is an N(p) (independent of t > 1), such that 



\\g(t)\\i4(t) < C(p) ■ \\g(t)\\h(t) ■ \\Ric(g(t))-g(t)+Res St f(t)\\^ 



N(p) 



(*) 



< C(p).\\g(t)\f L2{ty 



Since 



[l - (2 - p)a] ■ Hso) - n{g(tW {2 - p)a ■ \\vKg(t))\\ 2 



< -C-\\V»(g(t))\\UtV ( 15 ) 



we get 



[ \\9{t)\f LH£) dt < C{P).[n{g G )-n{g{\))]^ 2 -^ 

< C^-Mgo)-^))] 1 -^-^- (16) 

Therefore 

j i \\g(t)\\ L 2 (t) dt = C(p)-e(S 1 ), 

where e(5\) — > as 5\ — > 0. Since the Sobolev constant is uniformly bounded 
in V^' 7 , we obtain for any I > 1, 

/" T ||^)|| ( , 7 dt = C(Z)-e(<5 1 ), (17) 



and 



|KT)-y(l)|| cfc , 7 < / T ||5(t)|| c ^dt = e ( ( 5 1 ). 
4 Ji * 



Since the C fc ' 7 norm defined by metrics in V^' 7 are equivalent to each other, 
we obtain 

\\g(T) - g(l)\\ ck „ = eft). 
By the finite time stability of Ricci flow, we have 

110(1) -9o\\c*>-i = e (^i)- 

Therefore, 



\\9(T) - galled =e(*i). 

on/ 

2' 



Now choose 82 = f , and e(<5i) < (52, then the first part of the lemma is 
proved. 
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Now we assume fj,(g(t)) < fJ,(go) for all t, then g(t) exists for all time. 
Indeed, g(t) can never exit A/"^' 7 . Since 

|[M5o)-M5(0)] 1 ~ 2a >c>o, 

we have a decay estimate 

K9o)-Kg(t)) <c-(t + iy^=-K (is) 

Then for any t 2 > t\, the same argument as before shows 

\\g(h) - g(t 2 )\\ C k,i < / \\g(t)\\ck,ydt 

< C^-Hgo)-^)} 1 ^ 2 -^ 

l-(2-g)q 

Hence the flow g(t) converges uniformly in C fc ' 7 to a limit g^, and let t 2 — > oo 
we obtain polynomial decay rate. By (fT6|) and (fTBj) . we see that V/J,(goo) = 0, 
and n(goo) = M^o)- So is a shrinking gradient Ricci soliton. □ 

Now we prove lemma 12.21 We first show the minimizer of W g is unique 
if g is a shrinking gradient Ricci soliton. 

Lemma 3.3. If g is a shrinking gradient Ricci soliton: 

Ric(g) + Hess f = g 

with J M e~f dVol 9 = 1, then the minimizer of W g is unique and is equal to 
f. In particular, if Ric(g) = g, then the minimizer ofW g is logVol g (M). 

Proof. Let <pt be the one-parameter group of diffeomorphisms generated by 
V/, and denote g(t) = (p^g. Then 

J^(t) = Hesst <t>* t f = g{t) - Ric(g{t)). 

Suppose v is any minimizer of W g , Now solve the backward heat equation 

^l = l[n-R(g(t))-A t v(t)] + NMt)\ 2 , t € [0,t] m 
v(t) = (/)*v V ; 

in a small time interval [0,r]. Let tpt be the isotopy of diffeomorphisms 
generated by the (time-dependent) vector fields — Vtu(i). Denote g(t) = 
iptg(t), and v{t) = ip^v(t), then 

^1 = ~ g (t) - Ric(~g(t)) ~^tv(t), 
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and 

^- = l[n-R(g(t))-A t v{t)\. 

Then by ([!]) we have 
^-W(g(t),v(t)) = \J \9(t) - Ric{g(t)) ~ Hes Si £(i))| 2 e- s « dVoh. > 0. 

However, since all g(t) are in the same Diff (M) orbit, we have fj,(g(t)) = [i(g). 
Since (p*g is a minimizer of W 9 ( r ), we have 

W(~g(t),Ht)) = W(g(r),<t>* T v) = W(g,v). 

Hence 

g — Ric(g) — Hess v = 0, 
and so v = /. □ 

In general, for any function /, we denote by d*f and V*^ the adjoint of 
the d and V with respect to the measure e~f dVol 9 . PerehnanQPeJ) observed 
the following Bochner formula relating the twisted Hodge Laplacian A^ = 
d*f d + dd*f and rough Laplacian = -V^V: 

-A^ = A f H ^-Ricf(0, (20) 

where £ is any one- form and Ric' = Ric + Hess/. This gives immediately 
the following 

Lemma 3.4. Suppose Ric(go) + Hess/o = go, then the first nonzero eigen- 
value of — A^° acting on functions is greater than one. 

Proof of lemma [2.21 Suppose Ric(go) + Hess/o = 9o- Define 

L : C k ^(K(M)) x C fc ' 7 (M;M) -> C fc ~ 4 ' 7 (M;M), 

which sends (g,f) to 

A|(A 9 / + / - i|V 9 /| 2 + l -R{g)) + f e-f dVol, -1. 

Then L is a real-analytic map between Banach manifolds. We have L(go, fo) = 
0, and the differential of L at (go, fo) has its second component equal to 

DL {gOt0) (0, f) = A%{A%f + /) - / /dVol 90 . (21) 

J M 

This is an isomorphism by lemma E31 Thus by the real-analytic version of 
the implicit function theorem for Banach manifolds, there is a C fc ' 7 neigh- 
borhood Vi of go in 1Z(M) and a real-analytic map P : Vi — > C fc,7 (M;IR) 
such that for any g € Vi, P(g) € Cq' 7 (M; dVol g ; M), and 

L(g,P(g))=0. 
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Moreover, there is a 5 > such that if L(g, /) = for some g G V\ and 
ll/lb^ < then / = Now p (a) e Cg' 7 (M; dVol 9 ;M) satisfies the 

equation 

A g P(g) + P(g) - ^\V g P{g)\ 2 + \R{g) = constant. 

In particular, P(g) is a critical point of W 9 . Now we claim that we can 
choose V2 C Vi, such that for any g G V2, the minimizer for W g is unique 
and is equal to P(g). Suppose this were false, then there would be a sequence 
<7i G Vi, and a minimizer fa of W 9i , such that <ft — > g$ in C fc ' 7 topology, and 

fi 7^ P (<7j) for any i. Let U\ = e - ^, then Uj is a minimizer of the functional 

= J / 4|V^| 2 + R( gi )u 2 - 2u 2 \ogu 2 dVol 9i 
under the constraint 

f ufdVol 9i = l. 

Moreover, we have W fli (uj) = //(<?i) and 

-4AjUj + R{gi)ui - Am logUj - 2fi(gi)ui = 0. 
By definition, Perelman's /t functional is upper semi-continuous, i.e. 

lim/x(£/j) < //(go)- 

Thus for all % we have 

/ 4|V l u l | 2 + P(ffi)u 2 - 4u 2 logu, dVol ft = 2{i{g t ) < C. 

JM 

Here C is a constant which does not depend on i, but might vary from line 
to line. Choose e > small such that 2 + 2e = By Jensen's inequality, 

f 2n 2 log^dVol 9i = - f n 2 logn 2e dVol 9i < - log f u 2+2e dVol 9i . 
Since G Vi, we have a uniform bound of the Sobolev constant, so 

f n 2+2e dVol Si < C- (||V^|| L2 + ||^|| L2 ) 2+2e . 
From these we obtain that 

|[VjUj|| L 2 < C, 

and thus 

||liik)g1ii|| L 2 < C. 
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Then 

As in |Raj . by elliptic regularity, we obtain 

1 1 Will 1,00 < C, 

and then for any f3 6 (0, 1), 

Ikillc 1 ./ 3 — C- 

Note by assumption the C fc ' 7 norm defined by all the metrics gi are equiva- 
lent to that defined by the metric go . By passing to a subsequence we can 
assume U{ converges to a limit Uoo in C 1 '^. Since U{ is a positive minimizer 
of W gi , Uoq is a non-negative minimizer of W 5o . By the strong maximum 
principle in [Raj . iioo is strictly positive. So we obtain a uniform positive 
lower bound for Uj. Then we get a uniform C 1,/3 bound on /j. Now by 
applying elliptic regularity for /j, we get 

ll/illc^ — C- 

So by passing to a subsequence, /i converges in weak C fc ' 7 topology to /oo. 
Then it is easy to see that = — 21ogUoo is a minimizer for W go . By 
lemma [3731 we obtain = /o. Note again implicit function theorem en- 
sures that for i sufficiently large any critical point of W gi which is C fc ' 7 (7' 
slightly smaller than 7) close to must be P(gi). Thus fi = P(gi), and we 
arrive at a contradiction. □ 

Proof of lemma 13 . 1 1 Denote by 7Z'(M) the space of regular Riemannian 
metrics on M. 1Z'(M) is endowed with the Riemannian metric given by 
equation ((8|). We put the L\ topology on 7£'(M)(for convenience we do 
not use the Holder norm here) and denote the completion by 1Z' k (M), so 
that 7Z' k (M) becomes a Banach manifold. Near a point g, !Z' k {M) can be 
identified with an open set in the Banach space T^g), which is the space of 
L\ sections of the bundle of symmetric two-tensors h. This gives rise to a 
coordinate chart for lZ' k {M). We shall then identify any h € 1Z' k (M) close 
to g with its "coordinate" h £ Tk(g), by abuse of notation. 

Let Difffc_|_i(M) be the group of L k+l diffeomorphisms of M. It acts on 
1Z'(M), preserving the Riemannian metric. Notice that both \x and 1 1 V;u| | are 
invariant under the action of Difffc + i(M). In a neighborhood of the identity 
map, Diffjt+i(M) is modelled on the linear space Qk+i of L k+1 vector fields 
X on M . At <70) the tangent space to the Difffc + i(M) orbit of go is given by 
the image of 

£ k : Qk+l ^T k {go);X^V s X, 

where V s X is the symmetrization of VJ. The normal space to lm£. k with 
respect to the Riemannian metric is given by Ker££ = kerV*-^ , which 
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consists of L? divergence free symmetric 2-tensors. By the standard slice 
theorem(see for example |Ebj ). there are neighborhoods U C V of go in 
TZk(M) for any g G U, there is a <p G Diff&-fi(M, dm) close to identity 
such that <p*g = h G V D Ker££. Here we implicitly made use of the 
identification mentioned above. Thus it suffices to prove inequality (|12p for 
g in Q = V n Ker C Fk(go)- We still denote by \x its restriction to Q, 
and Vg/i the gradient of \x on Q, with respect to the constant metric on Q 
induced from Tk(go)- Then Vq/i G Ker££_ 2 and we have for any g G Q 

||V/i(5)||>C-||V Q M(3)|k 2 . 

So it suffices to prove 

Lemma 3.5. There exists a neighborhood N C Q of go and constant C > 0, 
a > 0, suc/i t/iat /or any g £ A/ - , we /iaue 

||v Q M5)ll>c-Kff)-M9o)r. (22) 

Proof. We follow the same pattern of arguments as in |CS] . By (J9]), is a 
critical point of [i. By a direct computation, the Hessian of [i at (viewed 
as an operator from Ker££ to Ker££_ 2 ) is given by: 

Ho{h) = ^Af°h + Rm(g )oh, (23) 

which is a "twisted " Lichnerowicz Laplacian. Then Ho is an elliptic differ- 
ential operator of order 2 on Ker C* k . So it has a finite dimensional kernel Wo 
which consists of smooth elements, and we have the following decomposition: 

KerCl = W Q ®W' k , 

where Ho restricts to an invertible operator from W' k to W k _ 2 . So there 
exists a c > 0, such that for any rj' £ W' , we have 

\\H tf)\\ Ll >C-\\n'\\ Ll . 

k — 2 k 

By the implicit function theorem, there are small constants 61,62 > 0, such 
that for any ho € Wo with ||/io||l 2 — 61 (so ||/io|Il 2 ^ s a ^ so small since Wo 

k — 2 

is finite dimensional), there exists a unique element rj' = G(r]o) € W with 
HVHl 2 , — e 2> such that Vg/i(r|o + rf) G Wo- Moreover by construction the 
map G : B ei Wo — > B e2 W' is real analytic. Now consider the function 

F: Wo ^M; Vo^Kvo + G(rj )). 

This is a real analytic function with rjo = as a critical point. For any 
rjo G Wq, it is easy to see that VF(r]o) = Vg/i(?)o + G(t]o)) G Wq. 
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Now we shall estimate the two sides of the inequality f)22[) separately. 
For any 77 € W with ||r/||^2 < e, we can write rj = 770 + G(rjo) + rj', where 

h 

770 6 W , r?' € W, and 



|t?o|| L 2 < c- ||t7|| L 2, 



||G(77o)|| L 2 < C - ||7/|| L 2, 

A: A; 

For the left hand side of (|22p . we have: 

VqMt?) = V Q /i(7? + CM + 77') 

= V Q 7i(77o + G(t7o)) + / ^/Vq/x(t7o + G(t7o) + S77 ; )<is 

J 

= VF(r7o) + VVq/x(0)+ / (fyV c /i(7fo + G(ffo) + s7/)- V V Q /x(0))<is 

JO 

The first two terms are L 2 orthogonal to each other. For the second term 
we have 

IIVV Q MO)|l!2 = !|^o(r? , )ll!2>C.||77'||2 r 
For the last term, we have 

||VV Q/ j(77o + G(77o) + s77 , )-VVQ/i(0)|| L 2 < C-|M| X |||7/|| X | < C-e-\\ V f \\ L 2. 

Therefore, we have 

l|V S M(77)||| 2 > |VF(77o)|i 2 +C-\\r,'\\l r (24) 

For the right hand side of (|22p . we have 

7/(77) = /j(t/ + G(t7o) + 77') 

= Kvo + G(Vo)) + / Vq/j(77o + G(rj ) + sr]')rfds 

-1 r l 







So 



F( m ) + VF(77o)t7 / + / / VVQ/i(77o + G(77o) + st77 / )77 , dtds 
io io 

F^ + Hoi^r]' + / / (VV Q /i(77o + G(77o) + st77')- 6 V ,V Q v(0))ri' dtds 
Jo Jo 

Hv) - M(0)| < |F(t7o) - ^(0)| L 2 + C • ||77'||2 (25) 



J 2 

Now we apply the usual Lojasiewicz inequality to F, and obtain that 

|VF(t7o)| L 2 >C-\F( Vo )-F(Q)\ a , 
for some a € [5, 1). Together we have proved ([22]) . 

□ 
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4 Proof of the main theorem 



Now we shall prove theorem 11.11 Suppose (M,u, J, g) is a Kahler-Einstein 
metric of Einstein constant one. Denote by A/p 7 the space of all Kahler 
structures (a/, J' ,g') with u' £ 2tt ■ ci(M; J') and 

lb ~~ 9 \\c k ^ + 11^ — J \\c k >-t — & 

Then there exists a small 5, such that any {u)',J',g') € A/"^' 7 satisfies 
ci(M; J') = ci(M; J), and such that the inequality (fT2|) is satisfied for any 
Kahler metric (u)',J',g') € A/"^' 7 , by lemma l3"7il By definition and lemma 

//(</) < >V^(log Vol g /(M)) = J / AO/) dVoV = ~ + log VoV(M), 
and the equality holds if and only if Ric(g') = g 1 . In particular, we have 

Since the Kahler-Ricci flow preserves the anti-canonical Kahler condition, 
we are able to make use of lemma 13.21 and obtain constants < 5\ < 82 < 6 
such that the modified Ricci flow starting from any g' € A/"^' 7 converges in 

C fc ' 7 to a Ricci soliton g^ G A/"^' 7 polynomially fast with //(goo) = ^(g)- This 
latter condition implies that g^ is indeed Einstein. The complex structure 
J(t) under the modified Ricci flow evolves as 

p(t) = J(t)V t f(t), 
where T> is the Lichnerowicz Laplacian in Kahler geometry. Since 
Vn((g(t))) = Ric(g(t))-g(t)+Ress t f(t) = [Ric(g(t))-g(t)+V t V t f(t)]+V t f(t) 
is a point-wise orthogonal decomposition, we see that 

\\j(t)\\mt) < \\g(t)\\v<t), 

thus by following the argument in the proof of 13.21 we see that J(t) also 
converges in C fc ' 7 to a limit polynomially fast. Moreover, and g^ 
are compatible, so the Kahler structures (uj(t), J(t), g(t)) converges in C fc ' 7 
to the Kahler-Einstein structure (uJoo, J 00, 9oo) in A/"^' 7 . By lemma [231 we 
conclude the main theorem. The last part follows from [CSj . □ 
Remark 4.1. For a Kahler-Ricci soliton, since we do not know whether it 
is always a maximizer of [i among nearby Kahler metrics in a fixed real 
cohomology class, we can not conclude stability of Kahler-Ricci flow in this 
case. But similar arguments using lemma [3T2l can show that if the Kahler- 
Ricci flow converges by sequence to a Kahler-Ricci soliton in the sense of 
Cheeger-Gromov, then it converges uniformly and polynomially fast in the 
sense of theorem 11.11 The uniqueness of the limit soliton of a Ricci flow has 
been proved by N. Sesum( [Se2| ) under the assumption of integrability. 
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